Strongly localized vorticity is a key ingredient of a broad variety of fluid phenomena, and its quantized version is considered to be the hallmark of superfluidity. Flows that correspond to vortices of a large topological charge, termed "giant vortices", are notoriously difficult to realise and even when externally imprinted, they are unstable, breaking into many vortices of a single charge. In spite of many theoretical proposals on the formation and stabilisation of giant vortices in ultra cold atomic Bose-Einstein condensates and other superfluid systems, their experimental realisation remains illusive. Polariton condensates stand out from other superfluid systems due to their particularly strong interparticle interactions combined with their non-equilibrium nature, and as such provide an alternative test-bed for the study of non-trivial vortices. Here, we show that by injecting an odd number of polariton condensates at the vertices of a regular polygon and imposing frustration into the system by controlling the interactions across vertices, stable spatially localized circular energy flows can be formed of non-trivial angular momentum. Multiply-quantized vortices, formed at the centre of a polygon on a non-zero density background, allow for the study of vorticity with large topological charges in superfluids and create a promising platform for analogue gravity.
numerical simulations were used to corroborate the evidence, since the available experimental techniques provided limited probing to the core of the vortices [23] [24] [25] . In many respects, these vortices have similar physics to giant vortices in atomic BECs, where the role of the external rotation is played by an applied magnetic field. By increasing the amplitude of the magnetic field, a vortex of multiplicity three was experimentally observed in a strongly confined superconducting condensate [26] . Apart from quantised vortices that exist on a non-zero, and usually uniform background, a new class of vortices was introduced theoretically and achieved experimentally in optics and atomic physics: those found in optical lattices of ultra cold BECs or periodic photonic structures of light called discrete vortex solitons (DVSs) [27] [28] [29] . The core of such vortices lies on a negligible density background and their phase winds to provide spatially localized circular energy flows between the sites. In previous experimental realisations, the phase corresponding to singly-and multiply-charged vortices was previously directly imprinted by laser beams that resulted in stationary DVSs [30] . Similarly, a ring network of coupled lasers with identical anti-ferromagnetic couplings spontaneously acquires a topological charge as the global minimum [31] , or for an even number of lasers as a local minimum [32] Also a one dimensional ring of coupled parametric oscillators with identical ferromagnetic couplings between neighbours may establish a topological winding as an excited state [33] . In these settings, the topological winding of the phase around the sites does not result in the creation of a nonlinear vortex. The topological charges away from the pumping sites do not have an entity of their own but rather manifest themselves only via the phase winding around these sites. It remains a challenge to create and control such phase singularities on a nonzero background, similar to singly-quantized vortices in ultra cold BECs.
In this article, we realise crossbreeds of the discrete vortex solitons and giant vortices in a new system: a graph of polariton condensates. We demonstrate remarkable control over the properties of these vortices including the winding, density and velocity profiles. Polaritons are solid-state quasi-particles -the result of hybridisation of excitons and photons in a semiconductor microcavity. At low enough densities, they behave as bosons and undergo non-equilibrium Bose-Einstein condensation [34] . Due to their finite lifetimes a constant source of external pumping is required to continuously repopulate them in order to reach steady state. Polariton condensates and related phenomena are currently the subject of intense investigations, for reviews see Refs. [35, 36] , including spontaneous and imprinted quantised vortices and their dynamics [37] [38] [39] [40] . Recently lattices of polariton condensates were realised experimentally revealing periodic oscillations [41] , whispering gallery modes [42] , transition from lattice condensates to trapped condensates [43, 44] , and non-trivial phase coupling [45, 46] . Unlike DVSs in purely optical systems or photonic crystals, where the phase winding comes from the laser, in polariton graphs giant vortices can form under non-resonant pumping. In this respect, they are closer to vortices in atomic
condensates, but as we demonstrate, they do not require any external rotation, and even multiply-charged vortices are fully stabilized by the polariton outflow from the pumping sites. Also, unlike vortices in ultra cold atomic BECs, polariton giant vortices generate spiral velocity profiles towards the vortex centre, and as such they are better candidates to study "Analogue gravity" [47] . Here, we consider polariton graphs, where each node occupies the vertex of a regular polygon. Figure 1 shows a schematic of the expected density profile of an heptagon of polariton condensates. The coupling between the condensates is such that in the centre of the polygon a giant vortex is formed.
The relative phases across a polariton graph are chosen by stimulated relaxation of polaritons to the phase configuration with the highest overall occupation. By tuning the separation distance and outflow velocity from the condensates, one can control the phase coupling between nearest neighbors [46] , and therefore, the phase configuration across the polygon. Hereafter, we map the relative condensate phases to classical "spins" through s i = (cos θ 0i , sin θ 0i ) with respect to some reference phase "0", similar to the works on coupled laser systems [48] or atomic condensates in optical lattices [49] . The measurement of the phase of a condensate is always made with respect to a reference phase; that is, only phase differences are a measurable of the system. We have recently shown that just above threshold the phase configuration with the highest overall polariton occupancy in a system of N spatially separated condensates corresponds to the global minimum of the XY Hamiltonian: H XY = − J ij cos θ ij , where θ ij is the phase difference between two vertices. The coupling strength J ij depends on the densities at the corresponding vertices i and j, the distance between them, d ij = |x i − x j |, and the outflow wavenumber, k c , which corresponds to the in-plane momentum polaritons acquire due to their repulsion from hot excitons and other polaritons, and is set by the system parameters such as pumping intensity and pumping profile [46] . Therefore, by varying the pumping strength and the distances between sites one can control the sign and strength of the coupling. If J ij > 0, then the coupling between vertices i and j is said to be ferromagnetic, all condensates are in-phase and the corresponding "spins" will try to align; if J ij < 0, then the coupling between vertices i and j is said to be anti-ferromagnetic and the "spins" will tend to point in opposite directions. This has been illustrated in Ref. [50] using a linear chain of five equidistant pumping spots: when the imposed coupling is ferromagnetic all spins point in the same direction, when the coupling is anti-ferromagnetic the nearest spins point in opposite directions. The periodicity imposed on the linear chain by arranging the spots in a circle with anti-ferromagnetic coupling and an odd number of pumping spots is expected to create frustration: the spins can no longer alternate their direction and are forced to acquire non-trivial phase winding patterns. In the simplest case of three condensates, and
for an element of a triangular lattice, the phase differences between vertices of an equilateral triangle were measured to be 2π/3 [46, 50] .
In the following, we generalise the above discussion and analyse the "spin" configurations obtained by the minimisation of the XY Hamiltonian for N polariton condensates arranged at the vertices of a regular convex polygon. When only nearest neighbor interactions are taken into account, the XY Hamiltonian becomes
, where the summation is cyclic. For a regular polygon, the XY Hamiltonian can be written as H XY = −JN cos(2πk/N ), where k is an integer. If J > 0, the global minimum is at θ ii+1 = 0; if J < 0 and N is even, the global minimum is achieved by θ ii+1 = π; finally if J < 0 and N is odd, the frustration described above gives rise to a non-trivial phase winding with θ ii+1 = ±π(N −1)/N . The latter case corresponds to the formation of the central vortex with winding k = ±(N − 1)/2. Therefore, by engineering anti-ferromagnetic coupling between nearest neighbor condensates at the vertices of an odd-sided regular polygon, we build frustration into the system and force it to form a central vortex of multiplicity that relates to the number of vertices, N . As the central region contains particle fluxes coming from the condensates, these vortices exist on a nonzero density background, which allows for the full manifestation of their nonlinear nature.
We experimentally access the spin configurations by injecting equidistant polariton condensates in a circle. We preclude any correlation between the phase of the pumping source and the realised phase configurations, by pumping polariton condensates using non-resonant continuous wave optical excitation on a multiple InGaAs quantum well semiconductor microcavity [51] . For a description of the excitation and detection scheme read the "Sample & Experimental Methods" section of the Supp. Material. As discussed above, the simplest spin configuration from the minimisation of the XY Hamiltonian occurs in the case of ferromagnetic couplings, J > 0, wherein the condensates lock in-phase. We illustrate the all-in-phase configuration, both for an even and an odd number of vertices by tuning the nearest neighbor distances so as to obtain ferromagnetic couplings at condensation threshold. Figure 2 (a,b)
shows experimental results of real-space photoluminescence intensity for an octagon and a nonagon of polariton condensates at condensation threshold. The ferromagnetic coupling is clearly distinguishable by an odd number of fringes between vertices -one here-and their symmetry. We note that in the centre of both polygons we observe local maxima of the photoluminescence intensity indicative of the absence of a vortex. When the condensates are positioned closer than a critical distance, a single trapped condensate is formed at the centre of the circle [43] . Here, we operate above this criticality, where the condensates form at the location of the pump beams.
We numerically simulate the phase dynamics of polariton condensates across regular polygons using the complex Ginzburg-Landau equation [52, 53] written for the condensate wave- function, ψ(r, t), and coupled to a rate equation for the hot exciton reservoir. For a description of the equations and parameters used in the numerical simulations read the "Numerical Simulations" section of the Supp. Material. We mimic the experimental excitation conditions for the pumping profile using N Gaussian functions:
centred at the positions r i . Figure 2 (c,d) shows the result of the numerical simulations that are in good agreement with the experimental observations, where the centres of the pumping spots are annotated by black dashed circles on the theoretical density profiles.
Next we explore the spin configuration for even numbers of condensates -eight and ten
here-arranged at the vertices of the regular polygon with anti-ferromagnetic couplings between nearest neighbors, J < 0, wherein we expect the condensates to lock in anti-phase, distance between nearest neighbors and is distinguishable by the even number -two or zero here-and symmetry of fringes between vertices. In all three cases, we observe a depletion of the photoluminescence intensity at the centre of the polygons, encircled by a brighter ring that is indicative of a central vortex.
To investigate the flow of polaritons in these polygons, in the second column of Fig.4 we present the experimental results of the Fourier-space of the photoluminescence intensity that allows us to record the distribution of the condensed polygons' wavevectors. Unlike the case of negative coupling in polygons of an even number of vertices, here, we do not the experimental observations. We note here that in our system we do not externally imprint the phases [54] [55] [56] [57] [58] , but we rather control the dynamics of the coupling between condensates, which leads to the spontaneous formation of giant vortices.
In conclusion, we have investigated the formation of central stable vortices of multiplicity analogue with the event horizon and ergosphere respectively. The velocity field inside the vortex core provides a fertile ground for studies of superradiance [59] and scattering [60] , while the presence of a central drain, even in classical hydrodynamic vortices, is essential for drawing analogues with black holes and observing superradiant scattering [61] .
Giant vortices of controlled multiplicity in polariton lattices
Sample & Experimental Methods
The semiconductor microcavity structure studied here is a planar, strain compensated 2λ GaAs microcavity with embedded InGaAs quantum wells (QWs). factor is ∼ 12000, while the calculated bare cavity Q-factor, neglecting in-plane disorder and residual absorption, is ∼ 25000. As the emission energy of the InGaAs QWs is lower than the absorption of the GaAs substrate, we can study the photoluminescence of the sample both in reflection and transmission geometry. The transmission geometry, which is not available for GaAs QWs, allows us to filter the surface reflection of the excitation, and has been widely utilized to probe the features of polariton fluids [S3, S4] under resonant excitation of polaritons. Using real and reciprocal space imaging under non-resonant optical excitation, polariton condensation, and a second threshold marking the onset of photon lasing, i.e. the transition from the strong to the weak-coupling regime was studied in this microcavity [S5] .
In the experiments described here the sample was held in a cold finger cryostat at a temperature of T ≈ 6 K. Continuous wave excitation is provided by a single mode Ti:Sapphire laser. We use non-resonant excitation from the epi side and detect the emission from the substrate side so that the excitation is filtered by the absorption of the GaAs substrate.
The optical excitation, for all the measurements reported in this work, is at the first reflectivity minimum above the cavity stop band. The spatial profile of the excitation beam is modulated to a regular polygon with Gaussian profiles at each vertex of approximately equal in diameter spots using a reflective spatial light modulator (SLM). We use a high numerical aperture microscope objective (NA = 0.65) to focus the spatially modulated beam to ∼1-2 µm in diameter at full width at half maximum (FWHM) excitation spots. The photoluminescence from the sample is collected in transmission geometry with ±25
• collection angle, by a 0.42 NA microscope objective. Two-dimensional Fourier and real-space photoluminescence imaging are obtained by projecting the corresponding space to a cooled charge-coupled device (CCD) camera. We resolve the spatial phase distribution of the central vortex using off-axis digital holography [S6] . We use a Mach-Zehnder interferometer with one of its arms designed to spatially displace and magnify the image by a factor of 10. This configuration allows us to interfere the core of the nonagon with a 10x magnified version of one of its constituent condensates. As the phase in the centre of each condensate is virtually constant, its spatially displaced emission results in a plane wave-like reference wave interfering with the nonagon's emission.
Numerical simulations
We numerically simulate the phase dynamics of polariton condensates across regular polygons using the complex Ginzburg-Landau equation (cGLE) [S7, S8] written for the condensate wavefunction, ψ(r, t), and the rate equation on the hot exciton reservoir, R(r, t):
where m is the polariton effective mass, U 0 and g R are the strengths of effective polaritonpolariton interactions and the blue-shift due to the interactions with non-condensed particles, respectively, R R is the rate at which the exciton reservoir feeds the condensate, and P is the pumping into the exciton reservoir. Finally, γ C is the rate of losses of condensed polaritons through the cavity mirrors and γ R is the rate of redistribution of reservoir excitons between the different energy levels. The process of energy relaxation is characterized by η d [S9] .
For well-separated condensates we can approximate the overall wave function, ψ N , as
, where ψ 0 = ψ 0 (r) is the steady state solution for a single localized radially symmetric condensate pumped by P = P 0 exp(−αr 2 ). To find the total amount of matter M we write:
whereψ 0 (q) = 2π
∞ 0 ψ 0 (r)J 0 (qr)rdr and J 0 is the Bessel function. The total mass becomes
Since the system maximizes the total number of particles given by Eq. (S5), this is equivalent to minimising the XY Hamiltonian functional H XY = − n i<j J ij cos θ ij [S10] . The main contribution to the integral definingψ 0 (q) is from q = k c , where k c is the outflow wavevector from the pumping site fully determined by the pumping profile [S10, S11].
In our numerical simulation we used a Gaussian pumping profile that produces the same width of the condensate as in experiment (FWHM 2.6µm) and choose the pumping intensity to obtain the correct outflow wavenumber for a single condensate. by us in [S10] and others [S6, S12] .
"Analogue" Gravity
The realised vortices invite an interpretation regarding the 'Analogue gravity' programme.
In recent years, the analogue between the propagation of superfluid excitations in an inhomogeneous flow and field propagation in curved space-time was proposed and elucidated [S13, S14] . In particular, a vortex, and more importantly, a giant vortex in ultra cold BECs were proposed as a structure that has at least two important ingredients of black hole physics that allow for the study of radiance and scattering: an event horizon and an ergosphere.
For modelling of an event horizon the information should not be able to escape a spatial sphere (or a circle in 2D). In equilibrium BECs, the vortices have no radial component, so this requirement facilitates a "draining bathtub" vortex -the vortex, where the mass is extracted from its core [S15] . In our driven-dissipative system the vortices have a spiral velocity profile combining a fast tangential motion with the velocity k/mr, where r is the distance from the vortex centre and the inward radial component close to the vortex centre which is proportional to −γ C r/2(|k| + 1), as we derive below.
To estimate the radial velocity and the density depletion created by giant vortices we nondimensionalize Eqs. S2 using ψ → 2 /2mU 0 2 0 ψ, r → 0 r, t → 2mt 
It is convenient to measure the dimensionless distances in microns, so we set 0 = 1µm. We are interested in steady states, so introduce the chemical potential µ via µψ = iψ t . If the distance from the centre of the polygon to the vertex is much larger than the distance between vertices, close to the centre the system can be approximated by a radially symmetric solution ψ v (r) ≈ f (r) exp[ikθ + iφ(r)] that satisfies
where u = φ (r) is the radial component of the velocity. It immediately follows from Eqs.
(S7-S8) that in the absence of the vortex k = 0 the density at the centre r = 0 is ρ ≈ µ, where µ is set by the outflow wavenumber k c away from the vortex core as µ = k
2 c . For the vortex-free and vortex solutions around the centre f (r) and u(r) can be found as power series [S16] .
To the first two leading orders in small r one has u(r) = −γr/2(|k| + 1) − γr 3 /4(|k| + 1) 2 (|k| + 2). Therefore, the increase in the tangential velocity that accompanies the increase in winding around the polariton lattice sites leads to the velocity reduction in the radial inward direction.
The negative value of the radial velocity indicates that the vortex core provides a 'sink' of the particles. This can be contrasted with the optical vortices [S17] , vortices previously detected in polariton condensates [S6, S18] , and with the Hagan's solutions for the rotating spiral wave in reaction-diffusion systems [S19] , where the fluid is created at the vortex core where the amplification dominates over the saturation, and flows outwards, giving rise to a source flow. To elucidate this difference we observe that away from the pump Eq.
(S8) reduces to of superradiance [S22] . As a lump of matter enters into the ergosphere it should split into two parts: one part escapes extracting some of the rotating black hole (vortex) energy while the other falls past the outer event horizon and gets absorbed by the black hole (vortex).
Therefore, such structures could be fruitful and rather unique testbeds for analogue studies of black holes in condensed matter systems.
